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Introduction
　In 1951 (2), C.H. Dowker proposed a problem whether XX7 was normal for any normal
space X,　wherｅ　1＝〔0，1〕.
　In 1971 (4), M.E. Rudin solved this problem negatively.
　In this note, we consider for some spaces whether χX 7 is a *-space for any *-space χ.
　We assume that all spaces are Hausdorff and that 7＝〔0，1〕is a closed subspace of the
real line /?= ( ―oo oo) with the usual topology.
　As spaces χ we consider spaces in the next diagram.
　　　　　　　　　　　　　　　　Hausdorff
　　　　　　　　　　　　　　　　　　↑
　regular
　　↑
completelyregular←locally compact
norm
　　↑
al
/　　へ　ご↑
metric　　　へ
　 regular Lindelof
／
separable metric
へ
Definitions are mainly due to（3）
　　　　　　　　compact
／
compact metric→completely metric
　　　　　　　　　　　　　　　　　　　Products with ｌ
We consider spaces in the previous, diagram as χ in the following order :
　1) HausdorfF, 2) regular, 3) completely regular, 4) metric, 5) compact, 6) compact
　metric, 7) completely metric, 8) separable metric, 9) locally compact, 10)<T-compact,
　11) paracompact, 12) regular Lindelof
　　　Proposition　１
　Let χ be ａ Hausdorff (, regular, or completely regular) space, then the product space
XXI is Hausdorff (, regular, or completely regular).
　Proof
　It　is well　known that the product space of Hausdorff C, regular or completely regular)
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spaces is Hausdorff 【, regular or complete】y regular). 1 =〔Oj〕is ａ compact　metric　space
and so it is considered as ａ Hausdorff (, regular or completely regular) space. These facts
lead Proposition at once.
　　Proposition　２
　Let ｘ be ａ metric space, then XX 7 is a metric Spaむｅ.
　Proof
　Ｌｅt心ｂｅ ａ metric for χ and 心ｂｅ ａ metric for I. (In fact, 乙iS defined by 乙(ｙl,jy2)
＝ljy1－jy2l for any points y＼ and ｙ2 0f 7.)
　We define ａ function ｊ from (χ×7)×(χ×/) to尺as follows :
　　　　　どZ(ｚ1,ｚ2)＝ソｊ。[a;,,a]2)2十^j(yi,yty . where ｚl＝(jｒ1,ｙl)
　　　　　and Z2 = {x2,y2) are arbitrary points of χ×7.
　Then it is easily proved that ｊ satisfies the metric axioms:
　　　　　M1)ｊ(ｚl,ｚ2)≧0
　　　　　　　　　d(z,,zA= 0　iff 2]=Zj
　　　　　M2)ｊ(ｚl,ｚ2)＝ｊ(ｚ2,ｚl)
　　　　　M 3) d(z,,z,)≦ｊ(ｚl,ｚ2)十d{Z2, Z3)
　Therefore χ×7 is a metric space.
　Proposition　3　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・
　Let χ be ａ compact space, then the product space χ×７is compact.
　Proof
　As ７is compact, Proposition is obtained by the Tychonoff theorem : “ The product space
of compact spaces is compact.”　　　　　　　　　　　　｀
　CoroUaly
　Let χ be ａ compact metric space, then the product space χ×７is compact metric.
　Proof
　This is a direct conclusion by Proposition 2 and 3..
　Definitions
　Let X be a metric space with ａ metricｊ.
　Ａ sequeuce ｛ヱｊin χ is called a c?-Cauchy sequence ぼ
　　　　　　　ＶＥ＞Ｏ∃ｙ（Ｏ　Ｖｎ.ｍ≧Ｎ（０：ｊ（ら,ら）くＥ
　Ａ metric ｊ for χ is called complete iff every φCauchy sequence in χ converges, and
then (X,d) is calledａ complete metric space.
Proposition　４
Let χ be ａ comp】etely metric space, then the product space χ×7 is completely metric
Proof
By Proposition 2, it is sufficientto prove that ｘｘ7 is complete.
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　Let χ be ｊχ -complete and ７ be 心.ｃｏｍｐｌｅtｅ･
　Define ａ metric ｊ for χ×7 as the proof of Proposition 2.
　Let {ら}＝{(ら,ｙ。)} be ａ ｊ･Cauchy sequence in χ×I, then {Xn) is a <ix-Cauchy sequence
and {yJis ａ <ij-Cauchy sequence :
　　ＶＥ＞O・Ｎ″(,ｓ)，Ｎ″(ε);が，ｍ´≧iV'(O,が,Vl″≧Ｎ″(０:
　　　　　心(ら',ら″)＜号, dj{yぶ,jy。″)＜号
　　We put 2^(e) =max｡(Ｎべ０，Ｎ″(e)), n=max｡(ｎ’ ，ｎ’)and m=ma工，(ｍ’，　１１１＊).
　Then
<f(≪,,z。)＝1/瓦‾GFふEこy+d,{y。,jy。)2≦貳(ら,ヱ。)十dj{y。,ｙ。)＜干十干＝ε
　When ｎ→°°, we assume that Ｊ;ｓ→ｚ。Ｅχ and ｡-ｙｎ→:ｙｏｅｉ.
　Above inequality shows that z = ixn,y。)→(Ｊ。,ｙ。)Ｅχ×7.
Definition
Ａ topologicai space χ is separable iff χ contains ａ countable dence set
　Proposition　５
　Let χ be ａ separable metric space, then the product space χ×7 is separable metric.
　Proof
　As the proof of Proposition　4　we only check the separabilityof χ×7／
　Let Ａ be ａ countable dence subset of χ and 召ｂｅａ countable dence subset of I. Clealy
ＡＸ召is ａ countable subset. And it is dence in χ×Iパor an intersection of 盈×召and any
open set of χ×7 is not ｖａＣﾘS.
　Definition
　Ａ HausdorfF space ｘ is a locally compact space iff each point in ｘ has g neighbourhood
base consisting of Ｃｏｍ‘pactsets.
Proposition　６
Let χ be ａlocally compact space, then the product space χ×7 is locally compact.
　Proof
　For each point (.x,y) in X×７ and each neighbourhood Ｗ of ix,y) there existneighbour-
ｈｏｏｄＳびofX in ｘ and ｙ of y in 7 such　that　びＸＶ⊂耳/;　びis compact　in　ｘ and ｙ
compact in 7.
　(ヱ,ｙ)Ｅびｘｙ⊂Ｗ.
This proof is complete.
Definition
-－－
びｘｙ＝びxy is compact.
　Ａ】ocally compact space χ is <;-compact iffχ can be expressed as the union of at most
countably many compact spaces.
Proposition　７
Let X be ａ <7-compact space, then the product χ×7 is (T-compact.
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　Proof
　Let ｘ be locally compact and ｘ＝凪Ｘ，ｗherｅ each X, is compact.　XXI is locally
compact by Proposition 6 ｡
　　　　　　　(匹χ)ＸＸ７＝(①ＸＩ)×/=c(瓦×/) and each 瓦×７ is compact.
　　　　　　　£s1　　　　　1=1
　Therefore χ×/ is cr-compact･
　Definitions
　Ａ collection ひof subsets of ａ space χ is locally finite (ｏr neighbourhood-finite) iff each
ヱＥｘ has ａ neighbourhood meeting only finitely ｍａr!yＵＥび.
　Let U and ｙ be coverings of χ. We say U refines V iff each ue[/ is contained in
some Vey. Then we say びis ａ refinement of ｙ.
　Ａ HausdorfF space ｘ is paracompact iff each open むovering of ｘ has an open locally finite
refinement.
　Proposition　８
　Let χ be paracompact, then the product space χ×7 is paracompact.
　Proof
　7＝〔0，1〕iscompact. It was proved by J. Dieudonn6 (1) that the product space of ａ
paracompact space by ａ compact space is paracompact.
　Proposition is obtained by these facts.
　Definition
　Ａ Hausdorff space is a Lindelef space iff each open covering of ｘ contains ａ countable
subcovering.
　Proposition　ｇ
　Let χ be regular Lindelび, then the product χ×7 is regular Lindelof.
　Proof
　It is proved that the product space of a Lindeldf space by ａ compact space is ａ LindelQf
space. And ７isａ compact space. Proposition is obtained by these facts.
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